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Abstract
The 1/Nc expansion for negative-parity heavy pentaquarks is developed using the formalism introduced for excited baryons
in large Nc. Relations are found between the mass splittings of these pentaquarks and those of nonexotic baryons.
 2004 Elsevier B.V. Open access under CC BY license.Experimental evidence for the Θ+(1540) pen-
taquark [1] has occasioned much recent theoretical
interest in exotic baryons. There has also been a report,
from the H1 Collaboration, of a heavy anticharmed
analogue, the Θc [2]. The existence of these five-quark
states has not been firmly established; ZEUS did not
find the heavy pentaquark seen by H1 [3], and a num-
ber of experiments have searched for the Θ with null
results [4,5]. Whatever the experimental consensus on
the Θ and Θc turns out to be, the existence of pen-
taquarks remains an intriguing possibility; nothing in
QCD appears to rule them out.
The 1/Nc expansion has recently been extended to
exotic baryons, including partners of the Θ [6,7] and
heavy pentaquarks in which the antiquark is a c¯ or a b¯
[7]. This work assumed that the pentaquark states are
in the completely symmetric representation of spin-
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Open access under CC BY license.flavor SU(6) and thus have positive parity. Such an
assumption is sensible because it has been shown, in
the context of a constituent quark model [8], that the
hyperfine flavor-spin interactions between quarks in
a hadron are most attractive for completely symmet-
ric states. However, in order to satisfy Fermi statis-
tics, a positive-parity pentaquark would need to have
one quark in an orbitally excited  = 1 state; it is not
clear whether the resulting P -wave energy would al-
ways be sufficiently offset by the attractive flavor-spin
interactions to make the positive-parity pentaquarks
lighter than their negative-parity counterparts. Inspired
by the diquark model of Jaffe and Wilczek [9], we have
previously considered heavy pentaquarks in a mixed-
symmetry representation of SU(6), which can be in
an S-wave state, and argued that these may be sta-
ble against strong decays [10]. Here we consider such
states in the context of a 1/Nc expansion.
In the Nc → ∞ limit, baryons form irreducible
representations of contracted spin-flavor SU(6)c; for
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the tableau on the right has Nc − 1 boxes.
finite Nc, this symmetry is broken, generating mass
splittings within each representation. The symmetry
breaking can be parameterized using polynomials in
the SU(6) generators:
Si ≡ q†
(
σ i
2
⊗ 1
)
q, T a ≡ q†
(
1⊗ λ
a
2
)
q,
(1)Gia ≡ q†
(
σ i
2
⊗ λ
a
2
)
q,
where q† and q are quark creation and annihilation
operators, σ i are the Pauli matrices, and λa are the
Gell-Mann matrices. An n-body operator, which acts
on n quark lines in a baryon, comes with a factor
N1−nc . The generator Gia sums coherently over all
the quark lines and hence is order Nc . T a may also
sum coherently when three or more flavors are consid-
ered. (When the discussion is limited to two flavors, as
in [13], the isospin is fixed in the large Nc limit, so T a
is order 1.) Thus a given n-body operator contributes
at order N1−n−m−pc , where m is the number of times
Gia appears and p is the number of times T a appears.
To describe mass splittings, one constructs all possible
scalar operators up to a given order in 1/Nc; each such
operator appears in the expansion with an unknown
coefficient of order unity. Depending on the symmetry
of the baryon states under consideration, there may be
operator reduction rules allowing some operators to be
eliminated; the rules for completely symmetric states
are given in [11]. (See [12] for a different approach to
1/Nc calculations.)
The 1/Nc expansion for excited baryons provides
a model for working with states of mixed spin-flavor
symmetry. Refs. [13–15] study excited baryons in the
70 of SU(6); they generalize this representation for
Nc > 3 as shown in the Young diagram in Fig. 1.
In this picture, a baryon contains one excited quark,
with angular momentum  = 1, and Nc − 1 “core”
quarks, which are completely symmetric in spin-flavor
SU(6). The expansion is made using two sets of SU(6)
generators: si , ta , gia , acting on the excited quark; andFig. 2. Extension of the negative-parity pentaquarks to large Nc . The
top row of the tableau on the right now has Nc boxes.
Sic , T
a
c , G
ia
c , acting on the core. The reduction rules for
these operators are determined in [13].
We wish to examine exotic negative-parity baryons
containing Nc + 1 light quarks and one heavy anti-
quark, which can be extended to large Nc in a sim-
ilar manner, as shown in Fig. 2. Here too, it makes
sense to construct operators from two different sets of
generators. The term “excited” does not apply in this
case, because the pentaquarks have no orbital angu-
lar momentum. However, dividing the states into Nc
symmetrized quarks (which we will continue to call
the “core”), plus one extra, still captures their symme-
try properties in a useful way. The same operators and
reduction rules constructed for the excited baryons in
[13–15] may be used to describe the negative-parity
pentaquarks. In fact, the situation simplifies signifi-
cantly in the pentaquark case, because the seven op-
erators depending on  all vanish. We are left, at order
1/Nc, with six linearly independent operators:1
O1 ≡ Nc1, O2 ≡ 1
Nc
S2c ,
O3 ≡ 1
Nc
siSic, O4 ≡
1
Nc
taT ac ,
(2)O5 ≡ 2
N2c
ta
{
Sic,G
ia
c
}
, O6 ≡ 1
N2c
giaSicT
a
c .
The 210 of SU(6), which describes the Nc +1 light
quarks, can be decomposed into flavor ⊗ spin to give
seven different multiplets2 (see, e.g., [16]): 15′P1 , 15P2 ,
15P1 , 15
P
0 , 6¯P1 , 3
P
1 , and 3
P
0 . In extending this decompo-
sition to large Nc , the spin of each state remains fixed.
The flavor representations change with Nc ; however,
we will always use the Nc = 3 values for notational
purposes in this Letter. (We will also continue to use
1 The expansion should also contain operators depending on the
exoticness E, such as E1 and 1Nc E
2
. However, since E = 1 for all
the pentaquark states, these operators do not tell us anything new
about the mass splittings.
2 The superscript P indicates pentaquark states. Later we will
use E to denote excited baryons and N for normal baryons.
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row shows the 15P and the 15′P .the term “pentaquark” for the large-Nc analogues of
such states.) Fig. 3 contains diagrams of the four dif-
ferent flavor representations.
The 3P0 is the multiplet called Ta or Ra in [10]; the
three states have the flavor content Q¯uuds, Q¯udds,
and Q¯udss. Interestingly, the large-Nc version of this
state can still be thought of in terms of the diquark
model. In this view, a “diquark” for arbitrary Nc still
consists of two quarks combined antisymmetrically in
color and flavor; it may be written φa[αβ], where a is
a flavor index and α, β are antisymmetrized color in-
dices. The full state is then
T
d1···d(Nc−3)/2
a
(3)
= δαβ	abc	γ1γ2···γNc Q¯αφbβγ1φcγ2γ3φd1γ4γ5 · · ·φ
d(Nc−3)/2
γNc−1γNc .
The 3P0 is the only one of the seven multiplets that
can be constructed using Jaffe and Wilczek’s origi-
nal spin 0, flavor 3¯ diquarks. However, if we also al-
low spin 1, flavor 6 diquarks—called tensor diquarks
in [17] and “bad” diquarks in [18]—many other mul-
tiplets become possible. The remainder of this Lettermakes no reference to the diquark model; the results
are model-independent.3
It is straightforward to determine what the “core”
of each state should look like: Sc = Stotal ± 1/2, and
the core flavor representation can be written in Dynkin
index notation as (λ,µ) = (2Sc, Nc−2Sc2 ). For six of
the seven multiplets, there is only one possible value
of Sc . In particular: Sc = 1/2 for the 15P0 , 6¯P1 , 3P1 ,
and 3P0 states; Sc = 3/2 for the 15′P1 and 15P2 states.
The 15P1 state is somewhat more complicated, because
the flavor-spin decomposition of the totally symmet-
3 There is a rather subtle issue regarding model-independence:
do the results of this analysis follow from large-Nc QCD alone,
or do they depend on the large-Nc quark model? The ordinary
ground-state baryons are stable in the large-Nc limit, with proper-
ties entirely determined by symmetry; the quark model in this case
is just a convenient way of counting states, introducing no dynami-
cal assumptions beyond large-Nc QCD. However, this is not true for
the excited baryons; they have widths that go as N0c , and so using
the quark model for them does introduce new dynamical assump-
tions. Ref. [19] address this problem in detail. There are reasons
to suspect that the exotic baryon states considered here are in fact
stable at large Nc , in which case the present results would be truly
model-independent. The rigorous proof of this will be left to a future
publication.
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Matrix elements of singlet operators O1 through O6 and O11 to order 1/N2c a
O1
Nc1
O2
1
Nc
S2c
O3
1
Nc
siSic
O4
1
Nc
taT ac
O5
1
N2c
ta{Sic,Giac }
O6
1
N2c
giaSicT
a
c
O11
1
N3c
S2c t
aT ac
3P0 Nc
3
4Nc − 34Nc −
Nc+6
6Nc − 12N2c
Nc+6
8N2c
− 1
8N2c
3P1 Nc
3
4Nc
1
4Nc −
Nc+6
6Nc − 12N2c −
Nc+6
24N2c
− 1
8N2c
6¯P1 Nc
3
4Nc
1
4Nc
Nc−9
12Nc −
3Nc+5
4N2c
Nc−9
48N2c
1
16N2c
15P0 Nc
3
4Nc − 34Nc
Nc+3
12Nc
Nc+3
4N2c
−Nc+3
16N2c
1
16N2c
15P1 Nc
7Nc+16
4N2c
− 7Nc+16
12N2c
N2c −3Nc−25
12N2c
− 3Nc+23
24N2c
−Nc+19
48N2c
7
48N2c
15P2 Nc
15
4Nc
3
4Nc
Nc−15
12Nc −
5(Nc+1)
4N2c
Nc−15
16N2c
5
16N2c
15′P1 Nc
15
4Nc − 54Nc
Nc+9
12Nc
3Nc+11
4N2c
− 5(Nc+9)
48N2c
5
16N2c
10N3/2 Nc
2
Nc
1
2Nc
Nc+5
12Nc
3Nc+7
6N2c
−Nc+5
24N2c
1
6N2c
8N1/2 Nc
3(Nc−1)
2N2c
− 3(Nc−1)
4N2c
N2c −10Nc+9
12N2c
−3N2c +2Nc
8N3c
N2c +14Nc
16N3c
1
8N2c
a It should be noted that the exact matrix elements for the 15P1 multiplet are in agreement with the results of [25]. For this table, 1Nc(Nc+1)
was expanded as 1/N2c − 1/N3c + · · · , and only terms up to order 1/N2c were kept.ric representation of SU(6) also contains a 151. The
correct core is a linear combination of Sc = 3/2 and
Sc = 1/2, whose coefficients can be determined using
Casimir operators. Ref. [13] finds the analogous coef-
ficients for total spin S and a core of Nc − 1 quarks;
we may simply use their result with S = 1 and Nc →
Nc + 1:
(4)
√
Nc + 5
3(Nc + 1)
∣∣∣∣Sc = 32
〉
−
√
2(Nc − 1)
3(Nc + 1)
∣∣∣∣Sc = 12
〉
.
Evaluating the matrix elements of some of these
operators, particularly O5, is rather a nontrivial task;
it cannot be done by a simple Nc → Nc + 1 substi-
tution. One method of evaluation is to construct the
wavefunction for each state as in Section 2 of [14], and
use the Wigner–Eckart theorem to express each ma-
trix element in terms of Clebsch–Gordan coefficients
and the reduced matrix elements of Sic , T ac , Giac , si ,
ta , and gia . The SU(2) Clebsch–Gordan coefficients
may be calculated in, e.g., MATHEMATICA, or looked
up in any of many published tables; analytic formulas
for the necessary SU(3) coefficients appear in [20,21].
One may also use the bosonic operator method de-
scribed in [22]. Explicit values for the relevant matrix
elements appear in Tables 1 and 2.We arrive at the following mass relation among the
negative-parity heavy pentaquarks:
(5)15P2 − 15′P1 = 2
(
6¯P1 − 15P0
)+O( 1
N3c
)
.
Note that this relation holds to order 1/N2c . In addi-
tion to O5 and O6, the operator O11 ≡ 1N3c S
2
c t
aT ac also
contributes at O(1/N2c ), and the relation remains true
when this contribution is added.
The pentaquark states can also be related to the ex-
cited baryons, using the results from [14], and to the
ground state octet and decouplet baryons. (Note that
the core of the octet is a linear combination of Sc = 1
and Sc = 0, with coefficients given in [13].) The mass
relations include
(6)6¯P1 − 15P0 =
2
3
(〈48E 〉− 〈210E 〉)+O( 1
N2c
)
,
(
3P1 − 3P0
)− 7
11
(
15P2 − 15P1
)+ 17
11
(
15P1 − 15P0
)
= 2
11
(〈210E 〉− 〈28E 〉)+ 4
11
(〈48E 〉− 〈28E 〉)
(7)+O
(
1
N2c
)
,
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Matrix elements of heavy operators O7 through O10 to order 1/NcmQ . The last three rows show off-diagonal matrix elements, which are
related to the mixing angles
O7
1
NcmQ
SicJ
i
Q
O8
1
NcmQ
siJ iQ
O9
2
N2c mQ
ta{J iQ,Giac }
O10
1
N2c mQ
giaJ iQT
a
c
13P1/2 0 0 0 0
33P3/2
1
4NcmQ
1
4NcmQ
0 − 124NcmQ
33P1/2 − 12NcmQ −
1
2NcmQ
0 112NcmQ
36¯P3/2
1
4NcmQ
1
4NcmQ
− 14NcmQ −
1
48NcmQ
36¯P1/2 − 12NcmQ −
1
2NcmQ
1
2NcmQ
− 124NcmQ
115P1/2 0 0 0 0
315P3/2
3
8NcmQ
1
8NcmQ
− 172NcmQ
1
96NcmQ
315P1/2 − 34NcmQ
1
4NcmQ
1
36NcmQ −
1
48NcmQ
515P5/2
3
4NcmQ
1
4NcmQ
− 14NcmQ
1
48NcmQ
515P3/2 − 98NcmQ −
3
8NcmQ
3
8NcmQ
− 132NcmQ
315′P3/2
5
8NcmQ
− 18NcmQ
1
8NcmQ
− 196NcmQ
315′P1/2 − 54NcmQ
1
4NcmQ
− 14NcmQ
1
48NcmQ
6N3/2
1
4NcmQ
1
4NcmQ
− 14NcmQ
1
48NcmQ
6N1/2 − 12NcmQ −
1
2NcmQ
1
2NcmQ
− 124NcmQ
33P1/2 − 13P1/2 −
√
3
4NcmQ
√
3
4NcmQ
0 − 1
2
√
3NcmQ
315P1/2 − 115P1/2 12√2NcmQ −
1
2
√
2NcmQ
√
2−2
12NcmQ
− 1
24
√
2NcmQ
515P3/2 − 315P3/2 −
√
5
8NcmQ
5
8
√
3NcmQ
15−2√2
72
√
5NcmQ
√
5
96NcmQ11
4
(
15′P1 − 15P2
)+ 28
11
(
15P2 − 15P1
)
− 79
11
(
15P1 − 6¯P1
)− 2(15P1 − 3P0 )
= (10N3/2 − 8N1/2)+ 2〈21E 〉+ 1311
〈28E 〉
(8)− 35
11
〈210E 〉+O( 1
N2c
)
.
Here 10N3/2 and 8N1/2 are the nonexotic octet and de-
couplet; 〈210E〉, 〈48E〉, 〈28E〉, and 〈21E〉 are spin av-erages of the excited baryons:4
〈210E 〉= 1
3
(210E1/2 + 2(210E3/2)),
〈28E 〉= 1
3
(28E1/2 + 2(28E3/2)),
〈21E 〉= 1
3
(21E1/2 + 2(21E3/2)),
(9)〈48E 〉= 1
6
(48E1/2 + 2(48E3/2)+ 3(48E5/2)).
4 There is some ambiguity involved in identifying the 8E1/2 and
8E3/2 multiplets with physical states, because the values of the mix-
ing angles are not known. The results above are calculated assuming
zero mixing.
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is about 1 GeV, so we estimate O(1/N2c ) corrections
to be of order 30 MeV, andO(1/N3c ) to be of order 10
MeV. Using the Particle Data Group values [23] for the
masses of the nonexotic baryons, we can give numer-
ical estimates for the right-hand sides of Eqs. (6)–(8).
The mass difference 〈48E〉 − 〈210E〉 is quite small,
about 4 MeV; the error in Eq. (6) is estimated to be
considerably larger than this. Thus Eq. (6) indicates
that the 6¯P1 and 15
P
0 masses are close together, with
a splitting of 4 ± 30 MeV, but cannot tell us which
one is heavier. The same applies to the 15′P1 and 15P2
masses, by Eq. (5). The right-hand side of Eq. (7) is
about 83 MeV, again with an error of ±30 MeV. If all
three pentaquark splittings on the left-hand side were
equal, each would be about 40 ± 30 MeV. Based on
the estimate in [10] that the isospin 1/2 members of
the 3P0 should have mass 2580 MeV, this very rough
guess suggests that the corresponding members of the
3P1 would have mass 2620 ± 30 MeV, meaning that
they would also be too light to decay to a Ds plus
a proton. The right-hand side of Eq. (8) comes to
−260 ± 30 MeV.
The light quarks combine with the heavy antiquark
to produce the twelve states 315′P1/2, 315′P3/2, 515P3/2,
515P5/2, 315
P
1/2,
315P3/2, 115
P
1/2,
36¯P1/2, 36¯P3/2, 33P1/2,
33P3/2, and 13P1/2. (The notation here is 2j+1FJ , where
j is the light-quark spin, F is the flavor representa-
tion, and J is the total spin of the state.) States with
the same quantum numbers may mix; there are three
mixing angles, for the two 31/2 states, the two 151/2
states, and the two 153/2 states. Heavy quark effective
theory can be combined with the large Nc formalism
to produce an expansion in 1/Nc and 1/mQ [24]. The
operators at order 1/(NcmQ) are
O7 ≡ 1
NcmQ
SicJ
i
Q,
O8 ≡ 1
NcmQ
siJ iQ,
O9 ≡ 2
N2c mQ
ta
{
J iQ,G
ia
c
}
,
(10)O10 ≡ 1
N2c mQ
giaJ iQT
a
c ,where J iQ is the spin of the heavy antiquark. We find
the mass relations
36¯P3/2 − 36¯P1/2
= 9
10
(515P5/2 − 515P3/2)− 12
(315′P3/2 − 315′P1/2)
(11)+O
(
1
N2c mQ
)
,
33P3/2 − 33P1/2
= 27
20
(515P5/2 − 515P3/2)+ 74
(315′P3/2 − 315′P1/2)
(12)− 9
2
(315P3/2 − 315P1/2)+O
(
1
N2c mQ
)
,
(13)36¯P3/2 − 36¯P1/2 = 6N3/2 − 6N1/2 +O
(
1
N2c mQ
)
,
where 6N1/2 and 6
N
3/2 are the nonexotic heavy baryon
multiplets containing the Σc,b and Σ∗c,b , respectively.
In the charmed case, the mass splitting in Eq. (13) is
65.6 MeV [23].
In this Letter, we have discussed a possible way
of studying negative-parity exotic baryons using the
1/Nc expansion. This formalism could be extended
to investigate, for example, the decay widths of these
states and SU(3)-breaking corrections to their masses.
As argued in [10], the 3P0 multiplet, at least, may
be stable against strong decays, so it is possible that
someday these predictions may be tested experimen-
tally.
Shortly after the completion of this Letter, Dan Pir-
jol and Carlos Schat posted [25], which uses a very
similar approach to pentaquarks, both light and heavy,
in 1/Nc.
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